
Tk, temperature of the disperse phase; X, coefficient of heat conduction; D, diffusion co- 
efficient; c k, concentration on the drop surface; Cp, specific heat; c=, substance concen- 
tration in a medium. 
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MODEL OF THE FLOW IN A CIRCULAR JET DEVELOPING IN A CROSS 

STREAM. SOLUTION OF THE INITIAL LENGTH PROBLEM 

T. A. Girshovich UDC 532.517.4 

A flow model and an integral method of calculating the initial length of a cir- 
cular jet in a cross stream are proposed. The results of calculating the char- 
acteristics of the initial length are in satisfactory agreement with the experi- 
mental data. 

As is known (see [i-7]), the flow in a jet issuing at an angle to the main stream has a 
complex three-dimensional character and differs significantly from the flow in a submerged 
jet or a jet in a cocurrent stream. The jet in a cross stream is distinguished from ordi- 
nary jet flows by the presence of a flow velocity component normal to its trajectory. Ob- 
viously, it is this velocity component that must be considered "responsible" for the parti- 
cular characteristics of the flow over the jet and the jet's development. Thus, the com- 
plex pattern of pressure distribution on the underlying surface around the jet, which to 
some extent is qualitatively similar to the pressure distribution around a cylinder, de- 
pends, for a given jet velocity, on the cross stream velocity component normal to the jet 
trajectory, the underpressure beyond the jet and along its sides being proportional to the 
velocity head created by this velocity component. This results in radial pressure differ- 
ences which must obviously lead to the appearance of secondary flows in cross sections of 
the jet which, in their turn, cause the experimentally observed deformation of the cross 
section. 

The mechanism of ejection of fluid by the jet from the surrounding space must also be 
more complex than in ordinary jets. On the one hand, the jet develops as in a cocurrent 
flow, and in accordance with the hypothesis of plane sections the cocurrent flow velocity 
may be assumed to be equal to the component of the cross stream velocity in the direction 
of the jet trajectory. The mass ejected by a jet in a cocurrent flow is known to be pro- 
portional to the difference of the jet and cocurrent flow velocities. On the other hand, 
the flow normal to the jet trajectory must contribute to the mass added to the jet, since 
for this flow the jet is, as it were, a fluid-filled space and at the edge of the jet an 
additional mixing zone must be formed. The mass entering this mixing zone from the cross 
stream is entrained by the jet, from which it acquires a longitudinal momentum, and be- 
comes, as it were, part of the jet. This mixing zone increases from the plane of symmetry 
towards the sides of the jet and thereby causes its lateral thickening. 

Since as the cross stream velocity increases the additional ejection into the jet be- 
comes more intense, while the length of the part of the jet on which the additional ejec- 
tion takes place decreases, at a certain value of the jet/flow velocity ratio there must 
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exist an optimum of the ejection capacity of the jet in the cross stream, as demonstrated 
experimentally in [6] and ]7]. As a result of the additional ejection the rate of decrease 
of axial velocity should increase with increase in cross stream velocity. 

With distance from the nozzle exit the longitudinal component of the cross stream velo- 
city increases, while the component at right angles to the jet trajectory decreases. Ac- 
cordingly, with distance from the nozzle exit the rate of ejection of fluid into the jet 
from the surrounding space should decrease. 

Below, on the basis of the flow pattern described and the above considerations concern- 
ing the mechanism of interaction of the jet and the cross stream we propose a model of the 
flow in a circular jet developing in a cross stream and a solution, using the integral 
method, of the problem of the initial length of such a jet. We note that there are many 
studies (see [8]) in which various approaches to the determination of the characteristics 
of a circular jet in a cross stream are developed. However, it has not yet proved possible 
to obtain satisfactory agreement between the calculated and experimental data on the velo- 
city profiles and the jet boundaries, and the literature offers no solution of the problem 
of the initial length of a circular jet in a cross stream. 

We will assume that as a result of the secondary flows the jet is somewhat compressed 
in the plane of symmetry as compared with a jet in a cocurrent flow, while in the lateral 
direction it expands, the rate at which the additional change in the jet boundaries proceeds 
being proportional to the cross stream velocity component normal to the jet trajectory: 

v~ = ~V=~. (1)  

In this case the rates of expansion of the jet boundaries in the plane of symmetry and 
in the lateral direction may be written in the form: 

8 ~ =  r~ - volU c~ ~ = r~ + vdd ~ (2) 
Subtracting the first of relations (2) from the second term by term, we obtain a rela- 

tion between the rates of growth of the half-width of the jet in the plane of symmetry and 
in the lateral direction: 

= 8~ + 2valu (~ ( 3 ) '  

As a result it may be assumed that the cross section of the jet will be elliptical 
rather than circular. The edges of the ellipse will be entrained by the f~ow, forming 
"horseshoes." 

In accordance with the above, the additional flow rate ejected by the jet will be as- 
sumed to be proportional to the cross-stream velocity component normal to the jet trajectory 
and to the width of the jet in the lateral direction, with the same proportionality factor 
as in expression (i). Then the additional flow rate entering the jet on the interval from 
the nozzle exit to a given cross section x will be equal to 

Q (x) = ~ i 6zY=~dx" (4) 
0 

If we assume that the jet cross section is elliptical, which corresponds to the experi- 
mental data on the initial length for not too large values of the cross stream/jet velocity 
ratio, and make use of the experimentally observed similarity of the velocity profiles in 
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Fig. 2. Initial length as a function of the jet outflow 
angle and the cross stream-jet velocity ratio. 

cross sections of the jet, we can solve the problem by the integral method and find the 
characteristics of the circular jet in the cross stream. 

We note that the determination of the complex velocity and pressure field at the nozzle 
exit and the pressure distribution on the underlying surface around the jet is an essential- 
ly still unsolved problem which in [9, i0], where the Reynolds equations and the Navier- 
Stokes equations for three-dimensional jet flow in a cross stream were integrated numeri- 
cally, led to a considerable discrepancy between the calculated and experimental velocity 
profiles. Accordingly, at present the use of the integral method for solving such a complex 
problem as that of a circular jet in a cross stream is more justifiable than the use of a 
numerical method, since in the first case the error associated with replacing the real, essen- 
tially nonuniform velocity and pressure field at the nozzle exit by a uniform field is 
smoothed out as a result of the fact that the velocity enters into the integral relations 
as part of the integrand. The errors introduced by replacing the real horseshoe-shaped jet 
cross section by an ellipse at relatively large distances from the nozzle exit and by using 
a universal curve for the velocity profile are similarly smoothed out. 

Let us consider the solution of the problem of the initial length of a circular jet in 
a cross stream obtained by the integral method within the framework of the flow model des- 
cribed above. 

Let the jet flow out at angle % to the stream. Since near the nozzle exit it deviates 
only slightly from the initial direction, we may assume thet the velocity component u 6 along 
the jet trajectory is constant and equal to 

u8 = W cos ~o, ( 5 )  

and that along the axis the pressure does not vary over the initial length. We note that 
the assumption should be the more nearly correct the smaller the ratio of the stream and 
jet velocities. Then on the initial length the excess momentum of the jet may be assumed 
to be constant. We will also assume that the cross section is elliptical, i.e., that the 
lines of constant velocity are ellipses. We will describe the profile of the longitudinal 
velocity component by means of Schlichting's expression for the initial length of a jet [ii] 

r l ~ r  U--U6 2 ~ 3 / 2 - - ~ 3 ;  ~ = ~  ( 6 )  

~ o  - -  u6 r l  - -  f ~  

Figure i shows the velocity profile for a jet angle ~0 = 90~ constructed in the dimen- 
sionless coordinates u/u 0 = f(qexp), where 

t o ,  ~ - -  r 
qexp  = ( 7 )  

T0,2 -- fO ,95 

The curve in Fig. i is the Schlichting profile (6) replotted in coordinates (7). Clearly, 
the Schlichting equation quite satisfactorily describes the velocity profile on the initial 
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length of a circular jet in a cross stream. However, it should be noted that at large 
values of the velocity ratio with distance from the nozzle exit the experimental points at 
the rear of the jet are observed to depart from the universal curve. 

If we use a universal dependence to describe the velocity profile, then, as noted above, 
we can solve the problem by means of the integral method. As the equations for determining 
the four boundaries of the mixing zone - two in the plane of symmetry Yim and Y2m and two 
in the lateral direction Zim and Z2m -we can use the constant excess momentum condition 

~ /2  r~(~) 

4 (8) 
0 o 

and the f low rate equation 
~/2  r~(~) 

4 [d~ ,[ urdr=Qo-kQej-kQadcZ (9 )  
i 0 

As t h e  t h i r d  e q u a t i o n  i t  i s  p o s s i b l e  t o  employ t h e  c o n d i t i o n  o f  l a t e r a l  e x p a n s i o n  o f  t h e  
j e t  ( 3 ) ,  which f o r  t h e  i n i t i a l  l e n g t h  t a k e s  t h e  form:  

z;= = v~= + 2vjuo. (10) 

The f o u r t h  r e l a t i o n  i s  a u t o m a t i c a l l y  o b t a i n e d  f rom t h e  c o n d i t i o n  t h a t  t h e  l i n e s  o f  c o n s t a n t  
velocity be ellipses: 

Z2m Yirn 
- (ii) 

Zira Yim 

The flow rate ejected by a circular jet in a cocurrent flow is easily calculated by 
solving the problem of the initial length for such a jet using the integral method. It is 
found to be equal to 

Q e j  1--rn~ [ 1--rn~ i -r~Uo = 0.18~c ~ x 1 -k 3,244m~ -k (0.349 Jr 0.103n% - -  0.81 lm~) c ~ x  , (12)  
1 + m  6 1 + m ~  

where  c i s  d e t e r m i n e d  f rom t h e  c o n d i t i o n  t h a t  t h e  w i d t h  o f  t h e  submerged j e t  mix ing  zone ,  
a p p r o x i m a t e d  by a l i n e a r  d e p e n d e n c e ,  confo rm to  e x p e r i m e n t  ( c  -- 0 . 2 5 - 0 . 3 ) ;  m 6 = u 6 / u  0. 

In  a c c o r d a n c e  w i t h  ( 4 ) ,  t h e  a d d i t i o n a l  mass f l o w i n g  i n t o  t h e  j e t  i s  e q u a l  t o  

Q,~d,d V=~ f ' rioU ~ = 8 zl=dx,  Voon = V= sin c%. (13)  
Uo "o 

Substituting relations (12) and (13) in (9), after manipulation we find 

O. 129 (1 - -  m~) yimZim -~ (0.179 -k 0.32 l ms) ylmZlm ~- 0.192 (I - -  tn6) YlrnZlr n = q (x), ( 1 4 )  

q (x) = 0.5 + (0.09 + 0.292m6) c - -  
I - m8 ( = [ =,Jx. x q_(O.O314 q_O,OO93ms__O.O73m~ ) 1--m~ ~ 2 V~n x 
l + m~ l + tns ,.) c~x~ + 2z~ u o 6 

(i5) 

In obtaining relation (14) we used the easily evaluated integrals 

, ; n / 2  ~ 1 2  

o o o 

From Eq. (8), using (16), we have 

(0.106 + 0.073ms)y1~z1,,, + (0,204 -- 0,012mQ &mz2m + 
(17) 

+ (0.190 -- 0,061m8) yimz=m = 0.5. 

I n t e g r a t i n g  Eq. (9 )  w i t h  r e s p e c t  t o  x s u b j e c t  t o  t h e  c o n d i t i o n  t h a t  Yzm = Zlm when x = 0,  
we obtain the relation between the lateral expansion of the jet and the expansion in the 
plane of symmetry 

Zim = &m q- 2e V= (sin ~Xo) x. (18)  
Uo 
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The initial length and the width of the mixing zone at the end of it can be found from 
(15) and (17) by setting y2m = Z2m = 0. We then obtain 

0.5 0 .5 (0 .179+0 .321m~)  
V l m : i Z l m i  = ; q ( ~ )  : ( 1 9 )  

0 . 1 0 6 + 0 . 0 7 3 m 6  0 . 1 0 6 + 0 . 0 7 3 m  6 

The i n t e g r a l  on  t h e  r i g h t  s i d e  o f  ( 1 5 )  c a n  be  e v a l u a t e d  by  means  o f  e x p r e s s i o n s  ( 1 8 )  
and ( 2 ) ,  i n  a c c o r d a n c e  w i t h  w h i c h  

where 

v ~  (20)  
Ylm = Yle - -  e X, 

tl o 

Yle = 1 --]- (0.54 - -  0.158m~) c 1 --m6 x. (21)  1 + m~ 

Then for the unknown integral we obtain the expression 

[ 1 -- m 6 
z l m d x  = x + (0.27 -- 0.079m8) c ~ + ---- 

o 1 Jr m 8 

From relation (18) there follows 

2 1 m ' & - ~ :  Ylmi~ 28, V....._~ xis i  n CZo- 
U 0 

e V ~ ]  xL ( 2 2 )  
2 u o J 

(23) 

In Fig. 2 we have plotted the dependence x i = f(V~/u0, ~0) determined from the simul- 
taneous solution of relations (14), (15), (19)-(23) for jet angles ~0 ~ 90~ Clearly, as 
the ratio V~/u 0 increases, the initial length is considerably shortened. It is also clear 
that for the same V~/u 0 a decrease in the jet angle leads, as expected, to an increase in 
the initial length. An increase in the jet angle as compared with ~0 = 90~ should lead to 
the jet developing in a counterflow near the nozzle exit. However, in this case (see [8]) 
the angle of thickening of the boundary layer does not depend on the velocity ratio and has 
the same value as for the submerged jet. Accordingly, in the expressions for calculating 
the characteristics of the initial length it is necessary to set m6 = 0. Obviously, the 
jet angle should then influence the jet characteristics only through the change in the 
cross stream velocity component normal to the jet trajectory. Since this decreases with 
increase in the jet angle, the additional ejection into the jet also decreases. Consequently, 
the initial length should increase, which is demonstrated in Fig. 2b, obtained as a result 
of calculating the initial length for jet angles ~0 ~ 90~ 

In Fig. 2c we have compared the calculated initial length with the experimental data 
[6, 7]. Clearly, the agreement is quite satisfactory. 

0 

m=~05 
/ 

. - ,  

. . . . . . . . . .  I . . . .  

m=~r I 

o 
I 

8 
.1 .t~t 
3 x / r ~  

Fig. 3. Comparison of the 
results of calculation of 
the jet boundaries with 
experiment: i) z0.2 ; 2) 

Zo.95;  3) Yo.2; 4) yo .95-  

604 



The system of equations (ii), 
the following expressions: 

(14), (17), (18) is easily solved. 

y ~  _ (b~ + 4a~cO ~ / : -  b~ 
Y~m 2a~ 

Its solution yields 

(2~) 

�9 b l  

a~ = (0 .19 - -  O.061m~) q - -  0.0645 (I - -  ma), 

= (02204 - -  O.O12m~) q - -  0.096 (1 - -  m~), cx = 0.0895 + O. 16m~ - -  (0.106 -]- 0.073m~) q, 

V~ \~/~ V~ 
Yzm = ~'= u--~ x2 sin2 % -i- n )  - -  s x sin %, 

U.o 

(25) 

(26) 

n = 0.5/[0.106 + 0.073m~ + ( 0 . 2 0 4 -  O.O12m~) f + ( 0 . 1 9 -  O.061m~) [~], 

z~m = Y~m + 2e 

Y~m = Y~mf , 

V| 
x sin %, z~m = z~mf. 

Uo 

(27) 

(28) 

In Fig. 3 we have compared the calculated boundaries of the jet mixing zone in the 
plane of symmetry and the lateral direction obtained using expressions (24)-(28) for ~0 = 
90 ~ with the experimental data [6, 7]. The quantity e was taken equal to 0.8 and was essen- 
tially a second empirical constant. Clearly, the agreement between the calculations and 
the experimental data is quite satisfactory. 

Thus, it may be assumed that the proposed approach to the description of the flow on 
the initial length makes it possible to explain quantitatively as well as qualitatively 
the principal effects observed in experiments to study the interaction of a circular jet 
and a cross flow: shortening of the potential core with increase in the flow-jet velocity 
ratio, the barrel shape of the core in the lateral direction, contraction of the jet in the 
plane of symmetry and its more intense lateral expansion. 

NOTATION 

c, an empirical constant; m s = u~/u0; Q, flow rate; Q0, initial flow rate; Qej, flow 
rate ejected by the normal submerged jet; Qadd, additional flow rate ejected by the jet; r 0, 
radius of the jet at the nozzle exit; r c, radius of the submerged jet; r I and re, radius 
vectors of the jet boundary and the constant total pressure core respectively; r0. 2 and r0.gs, 
radius vectors of the points at which the excess total pressure is equal to 0.2 and 0.95 
of the excess total pressure in the potential core; r and r polar coordinates moving with 
the jet cross section; u,0, jet exit velocity; u, velocity component along the jet trajec- 
tory; u (~ characteristic velocity: u (~ = u 0 on the initial length, u (~ = u m in the main 
part of the jet; ~6, velocity at the edge of the jet; V~, cross flow velocity; V~ n, cross 
flow velocity component normal to the jet trajectory; x, y, z, Cartesian coordinates moving 
with the je~ ~rajectory: x along the jet axis~ y perpendicular to x in the plane of symmetry 
of t&~ jet, and z perpendicular to the plane xy~ xi~ initial length; X, Y, Z, Cartesian co- 
ol~dRnates tied to the nozzle: X along th~ c~oss flow, Y perpendicular to the cross flow, 
and Z perpendicular to the plane XY; Y~m an~ ~!~ ~ar~es of the jet in the plane of sym- 
metry and the lateral direction respectively; Y2m ~nd Z2m boundaries of the constant total 
pressure core in~ plan of symmetr~ and t,he la~al direction resp~CtlV~ly; Y~c, ordinate 
of the outer 'e'dge ~ the mixing zone of ~t~l~e~ffbmerged jet; ~o, j~t ~xpulsion angle; ~y and 
6z, half-w~6~hs ~ the jet in the ~ e  of symmetry and the lateral direction; e, empirical 
constant ~. 
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EFFECT OF BODY SHAPE ON THE CHARACTERISTICS 

OF A SELF-SIMILAR PLANE WAKE 

P. Ya. Cherepanov and Yu. M. Dmitrenko UDC 532.517.4 

The turbulence characteristics in the wake of an elongated plane body with two 
sharp trailing edges have been experimentally investigated. It is shown that 
in the self-similar region the parameters of the plane wake depend on the body 
shape. 

It is known [i] that for fairly large Reynolds numbers Re = U=d/v and at large dis- 
tances xl/d from the body various types of turbulent wakes develop self-similarly. This 
means that the statistical turbulence characteristics, which are determined by the large- 
scale components of the motion, can be represented in the form: 

2 ( I )  AU = U , f ( x 2 / l , ) ;  u #  I = U . g i ]  ( x J l , )  e t c .  

Here, AU = U-U~ is the average longitudinal velocity defect in the wake; uiu j are the com- 
ponents of the Reynolds stress tensor. In (i) the characteristic scales of velocity U, and 
length s depend only on the longitudinal coordinate xl, the free-stream velocity U~ and the 
drag F = CxPU= 2 S/2. 

In the case of a plane wake U, and s are given by 

u, =uo [. C~d ]o,~. l, =[0.SC~d(x~+Xo)lO.t (2) 
[2(x~+x0) l ' 

where x 0 is the virtual origin. 

For a long time it was considered [i, 2] that in the region in which the flow in the 
wake is self-similar the statistical turbulence characteristics can be completely determined 
by specifying the drag, the free=stream flow velocity U~ and the position of the virtual ori- 
gin x 0. In other words, the functions f, gij, etc. in Eqs. (i) were assumed to be universal, 
i.e., not to depend on the body shape. Then, in a series of experimental studies [3-5] it 
was shown that the structure of the axisyntmetric wake depends not only on the drag and the 
free-stream velocity but also on the shape of the body. As far as the plane wake is con- 
cerned, the hypothesis of the universality of the characteristics in the self-similar flow 
region is so far considered to be correct [2]. Despite the fact that the hypothesis was 
partially confirmed in [6] by comparing the results of measurements in the wakes of circular 
and elliptical cylinders, there is reason to doubt its applicability to all plane bodies 
without exception. In particular~ in [7] it was shown that in the wake of an elongated plane 
body with two sharp trailing edges the shape of the self-similar average longitudinal velo- 
city profile differs significantly from th~ so-called universal profile observed in the wake 
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